In the present article we knowingly did not cite or discuss specific experimental data,
first of all because there are extensive data in the literature which are described at least
as well by Eq. (3) as by Eq. (1), and secondly because some examples of thais kind are con-
tained in our earlier papers [1, 2].

Thus, the analysis performed showed that a macrokinetic type equation describing the
kinetics of a phase tramsition as an autocatalytic process is in as good agreement with
experiment over the whole range of the degrees of transformations up to very high values
as the widely known Avrami—Kolmogorov equation, and in the region of limiting degrees of
transformation (as a + 0 and a + 1) is clearly better than the latter. An equation of the
autocatalytic type is very much more convenient to use in solvimg nonisothermal problems.

NOTATION

a, degree of completion of heat release; t, time; K and n, Avrami coastants; n, degree
of crystallinity; a4, equilibrium degree of crystallinity; A, and Aa, constants in macro-
kinetic equation; Op.i.s degree of completion of heat release at point of inflection of
crystallization isotherm.
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HEATING OF A DOﬁﬁLE STEPPED PLATE BY A MOVING SOURCE

Yu. M. Kolyano and V. A. Gorbachev ' UDC 539.377

GCeneralized functions and Fourier—Llaplace integral transformation are used to de-
rive the nonstationary temperature distribution and forces in a two-stepped plate
heated by a moving source.

Consider an infinite thermally insulated plate heated by a moving line source of out-
put q (Fig. 1). The thickness of the plate 26(x) is represented by means of an unsymmetrical
unit function in the form

8(x) = & + (8. — 8, S, (%), ' 1)
where
(L, >0,
S+(;)“{o, t<o.

We substitute (1) into the heat-conduction equation for a plate of variable thickness
[1]

L smor _T o
T+ 50 & % a Q6+(§)6(y V)

and use the identity [2] S, (x)8,(x) = &,.(x) to get
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Fig. 1. Two=-step plate heated by a
linear moving heat source.

T
AT+ (1—K) 2| 6, ()= —Q8, (85— V), )
ax x=0 " a
where
: 8 q : ds, () 1o
Ks 5 < D © daz 26 (%) __-ém

If the initial temperature of the plate is zero, we use an integral Fourier transforma-
tion with respect to the variable y and .a Laplace one with respect to the variable t [3, 4]:
&T

dx?

— 4T = —Fib, (3, 3

where

M—0 T 5 Y PS V 7N s
M=9+(1~—Ka)%x1 o Q=Qb(y—Vv); ¥s= l/nz+—5;

: B(y—VT),ZVIQT I' Tﬁ(y—Vr)exp(iny——sr)d-;dy.
0

—o0

The sclution to (3) takes the form
1

T = M —exp(— 1), | O]
Then
a| __ 2
dx | z=0 1+ K6 .
Therefore,
T = ——:g—"' exé (— s, (5)
(1 + Ké) Vs .

We return to the originals in (5) to get an expression for the temperature distribution in
terms of the function Zo(p, w) [3]:

7= fesp|— LU | 0o, whexp(— ), 6)
h .

where

-9
211:(1 —;-'Ké)

Q*

14
P =YV o= o n=V gl
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o ‘ \
Ho(p, 0)= | exp[-i (mo+ _L)]_i‘zo_;
B \ 2 Wy (07 (7)

To determine the forces due to the temperature distribution of (6) we set up the thermo-
elastic equations for the two-stepped plate. We assume that the stress ccmponents Ozz, Opx,
Ozy are small by comparison with the components oxy, Oxys Oyys in the Duhamel—Neumann rela-
tions

E ' ou ., [Ov 0w
e (1 — W) —= V| e — | — (] + V)
i <1+v>(1—2v)[( Ve (5 e ) 0 ‘] @
(xy 2z uvw),
ou ov
O'xy———G(\-gy——I—E;c—) (x Yy uv m’)
we put 0,, = 0, From this condition we get
ow 1 : [ 0w av)]
L e Vot —v | — - —1].
0z l—v[( V) v(ax oy
We substitute for 3w/3x into (8) to get
- —"’“—+v—‘3"—-—af(1+v)t} (v 4  v),
1—w2 | ox dy : 9)
ou dv
Y (L AL
O (Gy T 6x)

where u(x, y), v(x, y) are the compohents of the disp'lacement vector for the median surface
of the plate.

We integrate (9) in accordance with

30 80 b '
N.= ‘. Oxxdz, Ny= ‘ Oyydz, Tay=Tys = { Oxytiz, (10
—b T - —m
to get
9E8(x) [Ou |, _dv . ]
N. = —_— v— —a (14T,
¥ 1—-v2[ax+v6y {4
__ 2E8(x) [ ov du : an
Ny = W[E_I— V.a‘—at(l + V)T] ,
/du | Ov\
Ty =268 (%) | — + —1| .
=205y Tox )

We integrate with respect to z from —d&(x) to §(x) in the equation of equilibrium

00xs + 9%y _ o (x
0x Oy 4 (12)
As a result, for (10) we get
ON 0Ty 0
e —— X .
Pt » (x v (13)
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We substitute (11) into (13) to get the thermoelastic equations for a homogeneous plate:

9 v va u  ov
()| —+ Ve —o, (1 VT —Gx———'—) =0 ; . 14
ax{()[x - ,(+)]} ay[()(ayfax'] (v 45 u v) (14)
We reduce (14) to the form
! Y Au+ __6__(@__ ﬂ.) _Qatﬂ_A 8, (%),
I+w 0x \ 0x dy dx (15)
1—w 0 [ 0du v aT
Av 4 — | — - —| = 20, — — 4,8,
T (a +6y) oy )
Here on the basis of (1)
I —
S Ko) Nlico, A= - EGI ~ (1 — Kg) Taglamo- (16)
We apply an integral Fourier—Laplace transformation to (15) and (16) to get
2 du 1—v - dv
— Y — () — = 2 ———A S, (%),
14+v dx® 1—}—\'7" : mdx o"td + () (17
1—v d% 2 u

— du P ;
— 20— in —— = — 2ine,T — A8, (x),
14 v dx? l—f—vrrl mdx M 0. ()

where

U=

es: ?uexp (iny — sr) drdy.

—c0 {

We differentiate the first equation in (17) with respect to x and substitute into it the
expression for d®v/dx*? from the second equation in (17), which gives

G v di 1
A 1—+v dx ] —w

tn%—at(l+v)(if +1n zl+” ) A8+(x)l+ —in H()f,(;“’)) (18)

We differentiate this equation with respect to x and substitute for dv/dx the expression from
the first equation in {17) to get

A __An's;(}“) L=

(dz ) u—at(l+v)———(d2T —nzi“)-{-H“’[Znnzm(x)—inﬁta;(x)1

dx? dx? —v

v
} - (19)

[

The solution to (19) is
E: (1 +‘V)2 [zn (3-—‘\7

X ) -r”]Azx] L exp (— [nlldl,) + —:— L [exp (— Inlll,) — exp (— v, [sl,)] sign, x,( 20)

8(1 —w) 14w nl
where
- O ' I, x>0
L:a l hY Q H ign =:2S —-l:{ ’ s
f (1Y) g signx =25, () —1, x<0.
From (18) with (20) we get that
- 1 (14-v)2 3—v 1
= Anf _ A i + " - x+
P [ g A A (o b | e ) + (21)

a - 2
4 TL [eXP(— Ve 1xl,) i

8

— exp (— [l Im]} :
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We apply a Four;er~—L§place transformation to (11), which gives

= 2E6(x)

N,= g [T—mvv——(l +v)at7‘]
= 9E8(x) (22)
N, = —

)= 2RO L g+ val |,

Ty = 2G5 (x) (—d?— —,inﬁ') .
. dx .

In (22) we substitute for u and V from (20) and (21) and determine Zn and Kt as follows:

5 _1l—ve.+a nl 5 A—v=a (I
= Zom{ 2L g = el i L1
An 1+VK1L 5 |n|( T ) y At i I +VK2L e n( T l) , (23)
where _ :
16 (1 — K3) , K (1 —Kg(1—w)
K1= ’ K2: .
4(1+ K> — (1 —v)P (1 — Ko 2(1 + Ky

We substitute (20), (21), and (23) into (22) to get the following expressions for the
Fourier—Laplace transforms of the temperature~dependent forces:

V. = 2E6(x)at9a { Lv
(l-i—Kﬁ)s -8

x ==

exp(— n|ll,) ( l;“ 1\) %

8

(24)

2 ) : —
X [‘—Kl(l—_g-l;ﬂgnﬁf”lzx)—}“ K, (ﬂ“'—l(—‘:vl’ —nzlxh)] + mn[ [V exp (— . ) — Inl exp (— muxm} ,

5w = E8(0)aQa(l +v) . Il N <
Ny = —N;— 2E8(x) a,aT Ty AR Inllxl)lni(% )(Klslgn+x+K2),

= 2E8 (Ve Qai [ 1 AL
Txy: l(—f-]ég {— -;— eXP(_ln"xh) s \Ys

\

—v +lnuxl+)+1<;(x|n|—— 2 Sigri+X)]+-:‘—sign+3¢[exP(—vslxh)——eXP(——|n|lx|+)l}-
LY ) . hY

iy

‘We convert from the transforms to the original in (24) using the comvolution theorem in [5].
As a result, from (13) we get the expressions for the thermal forces in the form

Ea(x) atQa ‘f 1 _,_ v ) ) 2
Nx__ﬂ(l-g-Ko) i5{—3—“|i—1(1(81gn+x11 T+ —{—sz).g.

1—w x* 4 (y — VE)®
_ 9 N o A A )
+K2(" v '2'x'*)]+ exP[_ da(t—p) ]X
O e U S U {0 ] g = (y—VIp | (25)
(2 4 (y— VPR 2a(v—10)[«*+ (y—VI) [#2 + (y — VEPP
. E8(x)2,Qa(l +v) T
N, = gzvxm 28 (x) a;aT — 4x (‘;‘:L ) (K, sign, x -+ Ky) 05 Idz,
_ Eb(x)2Qa 1w [ ( —Y 1 ).1_
Txy" 2 (1 + Ky) (5.{ r _Kl T+ v 3+'6|x|+‘ H

+Kg(lkx‘— 1 j—v Issigrh_x)] +2{exp[f—w][l + x2+(!/—VC)2 ] o l} x(y—VY) }d@,

da(t—0) 4a(t—¥) (x4 (y — VPP
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where

2 [+ (y— VP _QR‘e[( L D)epx
[+ (y— VOPre 2aE—y 2,

2% erfc( z )] 1 , 2txi, .
. ( 4a(t—7) ) 2Va(x—70) Vaa(r —70) [+ @y—VoH
2)x]. 12 —3(—V| | op [( 1 1
ero—vor o

Il(xv Y, €) =

/

12(xy Y, ;)z - 2 _2(1("'—@)2 + (26)

2 2 . z )ﬁ. 1 [ 1 __uxZ—(y—vcm]
+4a2(r._;)z)]e"p(4a(r—c))e (2Va(r—c) Vrwa(—0) |2a(—0 [+ (y— VO )

(%, 4, C)=M—~2Im[(———l——--——l—)exp( z )x

o+ (— VPP a0 2 )\l
X erfc ( d )} — 2(y—VY) ,
2V a(t—0) Vna(x—0) [#+(y— ViR
_2—VOBE— w—Ven [(_1___ I
Li(x, y, §) == 02 1 (g —VLPP + 2Im " 2a(r_;)z+

z 22 z , i 1 __8lxl (y=V1)
s @ (wemg )érfc (77e=s)]*7 Ra(i—0 [2a(r—_c) o T )
in which z = le+ + i(y—Vg); erfc(z) = 1—erf(y); |C|+ = Tsigny ¢

In (25) we put §, = 62 = § and divide the expressions by 26 to get expressions for the
thermal stresses for a plate of constant thickness [3].

NOTATION

X, ¥, Zz, rectangular Cartesian coordinates; 1, time; A¢s thermal conductivity; a,
thermal diffusivity; E, elastic modulus; G, shear modulus; q, heat source power; Oxxs Oyys
Oxy = Oyx, Stress—tensor components in Cartesian coordinates; u, v, w, displacement-vector
components in Cartesian coordinates; 3(x), half thickness of plate; V, heat source velocity
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