
~n the  p r e sen t  a r t i c l e  we knowingly did not  c i t e  or d i s cus s  s p e c i f i c  exper imenta l  d a t a ,  
f i r s t  of  a l l  because t h e r e  are  ex t ens ive  da t a  in  the l i t e r a t u r e  which are  desc r ibed  a t  l e a s t  
as we l l  by Eq. (3) as by Eq. (1) ,  a n d s e c o n d l y  because some eXomples of t h i s  kind are  con- 
t a ined  in  our e a r l i e r  papers [1, 2].  

Thus, the  a n a l y s i s  performed showed t h a t  a m a t t . k i n e t i c  type equa t ion  d e s c r i b i n g  the  
k i n e t i c s  of a phase t r a n s i t i o n  as an a u t o c a t a l y t i c  process  i s  i n  as good agreement wi th  
experiment over the  whole range of  the  degrees  of  t r a n s f o r m a t i o n s  up to very  h igh  va lues  
as the  widely  known Avrami-Kolmogorov equa t ion ,  and in  t h e  reg ion  of l i m i t i n g  degrees  of  
t r a n s f o r m a t i o n  (as a § 0 and a § 1) i s  c l e a r l y  b e t t e r  than the l a t t e r .  An equat ion  of the  
autocatalytic type is very much more convenient to  use in solvlq nonisothermal problems. 

NOTATION 

a ,  degree of  complet ion of  hea t  r e l e a s e ;  t ,  t ime;  K and n,  Avrami c o n s t a n t s ;  n, degree 
of c r y s t a l l i n i t y ;  Ue, e q u i l i b r i u m d e g r e e  of c r y s t a l l i n i t y ;  A, and As, c o n s t a n t s  in  macro- 
k i n e t i c  equa t ion ;  a p . i .  , degree  of  complet ion of hea t  r e l e a s e  a t  p o i n t  of i n f l e c t i o n  of 
crystallization isotherm. 

l. 

2. 

3. 

4.  
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HEATING OF A DOUBLE STEPPED PLATE BY A MOVING SOURCE 

Yu. M. Kolyano and V. A. Gorbachev UDC 539.377 

Genera l ized  f u n c t i o n s  and F o u r i e r - - L a p l a c e  i n t e g r a l  t r a n s f o r m a t i o n  are  used to de-  
r i v e  the  n o n s t a t i o n a r y  tempera ture  d i s t r i b u t i o n  and fo r ce s  i n  a two-stepped p l a t e  
hea ted  by a moving s o u r c e .  

Consider an infinite thermally insulated plate heated by a moving line source of out- 
put q (Fig. 1). The thickness of the plate 26(x) is represented by means of an unsymmetrical 
unit function in the form 

where 

8 (x) = 61 + (% - -  8,) S+ (x), 

1, ~>o,. 
s+(~)= o, ~<o.  

(1) 

[1] 
We substitute (i) into the heat-conduction equation for a plate of variable thickness 

1 d6 (x) aT 
AT + . . . . . . .  QS+ (x) 6 (y -- W) 

8(x) dx ~x a 

and use the  i d e n t i t y  [2] S+(x)6+(x) = 6+(x) to  ge t  
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Fig. i. Two-step plate heated by a 
linear moving heat source. 

0 

I 
I 
I 

oT § 
AT -q-- (1 - -  K6) - -  8+ (x) = - -  QS+ (x) ,5 (y - -  Vr), 

6 3X x = 0  ' " 
(2) 

where 

K6= fiJ-~Q q 
6 ( x )  

�9 5;(;)= ~dS+(;); r---~l t" tdz. 
' d~  2 8  (x) �9 --6(x) 

I f  t h e  i ~ t t i a l  t e m p e r a t u r e  o f  t h e  p l a t e  i s  z e r o ,  we use  an i n t e g r a l  F o u r i e r  t r a n s f o r m a -  
t i o n  w i t h  r e s p e c t  t o  t h e  v a r i a b l e  y a n d . s  L a p l a c e  one w i t h  r e s p e c t  t o  t h e  v a r i a b l e  x [3,  4 ] :  

d @  
dx ~ 

f ~8§  (x), - - - ' ~ ,  = - -  (3)  

w h e r e  

M = 0-t-  (1 ~ K6) --~-- x=o' 

8(y--Vx) =~--~ "~** i S(y--Vx)exp(iqY--~)dxdy. 
0 

The s o l u t i o n  t o  (3) t a k e s  t h e  fo rm 

f = ~ l  

2% exp ( - -  V. Ixl+). (4)  

Then 

I 
dx x=o 1 + K~ 

T h e r e f o r e ,  

f~ exp ( - -  W Ixl+). ( 5 )  
= (1 + Ks) ~,, 

We r e t u r n  t o  t h e  o r i g i n a l s  i n  (5)  t o  g e t  an  e x p r e s s i o n  f o r  t h e  t e m p e r a t u r e  d i s t r i b u t i o n  i n  
t e rms  o f  t h e  f u n c t i o n  Y~e(O, ~) [ 3 ] :  

where 

�9 [ ] T = Q* [ exp - -  x2 + (y' + Vg)~ d~ 
5 4a~ - ~  = O*•0 (P, ~) exp (--. y,(%), 

Q, = O , V = 1/ , x 2 ; 2• (1 ~ Ks)' Yl = Y- -  V~:; (o, = -~'a; rl Yi § 

(6)  
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i)] oo ~o(P, o)=texp % + 
6 ~o r 

V.~ V~ 
p =rxoa; c0= ; o 0 = . - ,  

FI r I 

(7) 

To de termine  the f o r c e s  due to  the  t empera tu re  d i s t r i b u t i o n  of  (6) we s e t  up the  thermo- 
e l a s t i c  equa t ions  fo r  the  two-s tepped  p l a t e .  We assume t h a t  the  s t r e s s  c t~ponents  Ozz, ozx, 
Uzy a r e  small  by comparison wi th  the  components Oxx, ~xy, ayy;  in  the  Duhemel--Neumann r e l a -  
t i o n s  

[~XX = 
E (1 ,-- ~,_ Ou~ + - - (1  + , 0  =it 

( l + v ) ( 1 - - 2 v )  ax + v  ag az 

(x y z; u v w), 

%~= 6 + (x y z; u v w) 

(a)  

we put Ozz = 0. From t h i s  c o n d i t i o n  we get 

Ow 1 
az 1 -- v - - -  O+,O~,t-,, ax  o " 

We substitute for ~w/~x into (8) to get 

E [Ou a v _ a t ( l + , ) t ] ( x y ; u v )  ' 
.ax== I --v ~ -  "~'x + v  Og 

=~(ou+ o~'~ 
~ av 7 x  / ' 

(9) 

where u (x ,  y ) ,  v (x ,  y) a r e  the  components of the  d i sp lacement  v e c t o r  fo r  the  median s u r f a c e  
of  the  p l a t e .  

We i n t e g r a t e  (9) in  accordance  wi th  

6(x) 6(x) 6(x) 

Nx= .I ~ Ny= .t" ao~dz' Txu= ryx= .I ox,dz, (10) 
--8(x) --6(x) -6(x) 

to get [ oo ] N,, 2E6(x) au + ~ --r + v ) T  , 
=: 1 - -  ~n -~x Oy 

Ng ~ - -  

2eS(x) [ a,, + a. ] 
- -  ctt (1 + v)T 

1 -- v n [ c?y Ox 

/ au av ~ 

We integrate with respect to z from -- ~(x) to 6(x) in the equation of equilibrium 

ax ay 

(n) 

(12) 

As a result, for (10) we get 

ON~ + OTxy=O (x g). 
Ox Oy (13) 
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We sub s t i t u t e  (11) in to  (13) to get the thermoelast ic  equations for a homogeneous p la te :  

0o ]} [ )] Ox ._~__x + v  __~t(l_kv) T + l - - v  0 8 ( x ) { O u  , .Or Oy 2 ov ~,'~-v ~-L-~ = o (~ v; ,, ~). (14) 

We reduce (14) to the form 

I - -  ~ Au + O / Ou c3v \ OT 
+ 

- -  0 ; 0 u  0 # )  OT - -  A,8+ (x). I-+-~ 1-"--'~v fly "+" "0"y-y [-'~x + = 2~t'-~-y 

Here on the bas is  of (1) 

1-- 'V An = 1ES~-- v(1 -- K6) N~lx=o," A,= - - ~ -  (1 --K6)Txvlx=o. 

We apply an integral Fourler--Laplace transformatlon t o  (15) and (16) to get 

2 a~u 1 - v n ~ -  in a~ a f  
1 "5 ~; dx z 1 + v dx = 2 ~  --dx - -  A.8+ (X), 

l - - v  d~ 2 
l + ' v  dx z l + v dx 

(15) 

(16) 

(17) 

where 

~ =  1 ~ i u e x p ~ ( i n y _ s ~ ) d , r d y "  
V ~ -  

We differentiate the first equation in (17) with respect to x and substitute into it the 
expression for d~/dx a from the second equation in (17), which gives 

dZ_~u - 2v 112 du l-}-v i~l~__ el,(' + V)( dz~ ~1' 1 L;T)--~lnS+(X) 1+"; ---i~,8+ (X)(1 + ~)2 

We differentiate this equation with respect t o  x and substitute for d~/dx the expression from 
the first equation in {17) to get 

The solution to (19) is 

8( \ 1 + v I rll Ix[+ + illA-tx exp (-- Inllxl+) + as  ~ [exp (-- Irlllxl+) -- exp (-- Y8 [xl+)] sign+ x,(20) 

where 

Z=g,(l+v) ; s i g n + x = 2 S + ( x ) - - I  = {  I, x > O ,  
- 1 ,  x<0. 

From (18) with (20) we get that 

v =  li~l { 8((1 l+V)2-- v) [-A.I~lIx--i~lA, (~--_v 1 +  v ,,11 'xI+) ] exp ( -  '~l['xI+) + 

[ ]} + a_~ exp (-- % Ixl+) -- exp (-- Inllx L) Inl �9 
s ~s 

(21) 
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We apply a Fourier--Laplace transfommtion to (ii), which g i v e s  

1 - -  v ~ L a x  

I - -  v z dx 

In (22) we s u b s t i t u t e  for  ~ and ~ from (20) and (21) and. determine ~n 

= K ~ L - - I n l  ~ I , A t  = - -  i 1_______. a Irll 
An 1 + v s \ 7s , I + v s Ys 

and ~ t  as  f o l l o w s :  

- - 1  / , 
! 

(22) 

(23) 

where 

Kx = 16(1 --K~) ," 
4(1 + Ko)  2 - -  (1 - -  v )  2 (1 - -  K~) z 

K~ = K1 ( l - -  K6) (1 --  v) 
2 (1 + K~) 

We s u b s t i t u t e  (20),  
Four ier - -  Laplace transforms of  the temperature-dependent  f o r c e s :  

- - =  _ _  • 

(1 + K6) s W 

x 

( 2 1 ) ,  and (23) i n t o  (22) to  get  the f o l l o w i n g  e x p r e s s i o n s  for  the  

[--/(1 ( ~ sign+x =~- Yl'Xl + K' ( [~l[ (I - -  v ) ,  I-~-, 

N,, = --~lx -- 2E8 (x) gtd-T -- E8 (x)cztfla (1 + ~) exp (-- [ ~l II x I+) I vl I ( I ~11 _ 1 ) (K, sign+ x + r..), 
�9 2 (1 + g6) V, 

(24) 

2E6 (x) gt~ai 
7"~'~= " "1=7~8 { 

�9 1 _k---'---~ +l~lllxl+. 1 + ~  

We convert  from the transforms to  
As a r e s u l t ,  from (13) We ge t  the  

I +,~ ' ~,,  ( i,l__L - 1 )  X 
8 exp(--lnllxl+) s \ W, 

- -  sigfi+x + '  ~ sign+x [exp(--~lxl+)-- 
$ 

exp (-- I n II x I§ 

the o r i g i n a l  in  (24) using the c o n v o l u t i o n  theorem in  [5].  
e x p r e s s i o n s  f o r  the  thermal f o r c e s  in  the form 

1 2 
Nx - •(I +K6) ~ ( 8 1 - - - - - ~  

x 

+K~(  11 1-~1+~ l~ lx [+ ) ]+  

x ~--- (y--  V~p 
Ix2 + ( y -  V~)2l 2 

Vow, ] x 2 + ( Y -  ~,- 
2 exp -- • 

4a (x -- ~) 

v ; ) ,  �9149 ] x,-(y-v:), 

Ny = --Nx -- 2E6 (x) cztaT -- E6. (x) ~,Qa (1 + v) (K, sign+ x + K,) ~ I,d~, 
4u (1 + K6) o 

E6(x)~z'Qa i {  l + v [ ( 1 - - V l s + l ~ l x l + ) - u  Tx,j= a(1 +K6) ~ .  K, ' 1 + ~  

(25) 

+ K, (l~x - 
_ _  +(Y--V~)~ , , 2 l, s ign+x)l+2{exp[_X24a(.c_~) ][,~ 

l + v  4a (T --  [j) [x z + (y --  V~j)z] z 
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w h e r e  

z 

I ,(x,  9, ~) = 2 [x~-- (Y--  V~)Zl 2 R e [ (  1 1 ) e x p  • 
[x ~ § ( g -  V~)=] 2 2a (~ - -  ~) z = 

X ( '4a (~ - -  ~) erfc 2 ] / a  (g - -  ~) + ] / ~ a  (T - -  ~) [x = -k ( g - -  V~) ~] " 

I, (x, y, ~) = ~ ~ - ~ - -  ~-~.~ : -k 2Re z s 2a (~ - -  .~) z -b 

( Z 2 ) (  Z ) ' [ '  
e x p .  4a ('~ -- ~) erfc 2 ] / a  (~ -- ~) ] / ~ a  ( z - -  ~) 2a (z -- ~) 

(26)  

4 [x 2 - -  (g - -  V~) 2] ] 

Ix 2 + ( e -  V~)*] z J '  

[( ) ( z , )  2 [ x[+ ( y - -  V~) 2Im 1 1 exp X 
Is (x, g, ~) = Ix 2 + (! / - -  V~)21 ~ . 2a (~'-- ~) z 2 4a(~--~) 

x erfe 2 V a ('~ - -  ~) ' V na (~ - ~) Ix 2 -b ( g -  v~)~l ' 

t ,  (x, y, ~) 2 (g - v~)[3x 2 - ( y -  v~) ~] -k 2Ira [ ( 1 1 + 
Ix 2 + ( y -  v~)zl s z 8 2a (~ - ~) z 

Z ~ Z 2 Z 1 
+ 4aa (~-- ~)i) exP ( 4a (.~ _ ~) ) erfe ( 2 g-~(~ _ ~) ) ] -[- V z~a (.c _ ~) ' 1 81xh(y--v~) ] 

2 a ( ~ - - ~ )  [xZ+(g - -V~)~ ]2  ' 

in which z = lx[+ + i(y--V~); erfc(~) = l--erf(g); l~[+ = ~ss 

In (25) we put 6, = 6z = 6 and divide the expressions by 26 to get expressions for the 
thermal stresses for a plate of constant thickness [3]. 

NOTATION 

x ,  y ,  z ,  r e c t a n g u l a r  C a r t e s i a n  c o o r d i n a t e s ;  .T, t i m e ;  At ,  t h e r m a l  c o n d u c t i v i t y ;  u,  
t h e T 1  d i f f u s i v i t y ;  E, e l a s t i c  m o d u l u s ;  G, s h e a r  m o d u l u s ;  q ,  h e a t  s o u r c e  p o w e r ;  axx  , a y y ,  
~xy a y x ,  s t r e s s - t e n s o r  c o m p o n e n t s  i n  C a r t e s i a n  c o o r d i n a t e s ;  u ,  v ,  w, d i s p l a c e m e n t ~ v e c ~ S r  
c o m p o n e n t s  i n  C a r t e s i a n  c o o r d i n a t e s ;  6 ( x ) ,  h a l f  t h i c k n e s s  o f  p l a t e ;  V, h e a t  s o u r c e  v e l o c i t y  

. 

. 
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